Filterbank Multicarrier (FBMC) modulations based on OQAM (FBMC/OQAM) have become a promising alternative to conventional OFDM because of their higher spectral ef ciency and their improved selectivity in the frequency domain. Unfortunately, the orthogonality of these modulations is lost when the channel presents strong frequency selectivity, meaning that the channel response cannot be approximated as frequency at within each subcarrier bandwidth. In this paper, this effect is analyzed in the massive MIMO setting, whereby the number of transmit and receive antennas is asymptotically large (but not as large as the number of subcarriers). It is formally shown that, under these asymptotic conditions, the output mean squared error (MSE) at each subcarrier converges to a constant independent of the subcarrier index. This was previously referred to as "self-equalization" principle in the FBMC/OQAM literature. It is demonstrated here that this phenomenon is a direct consequence of channel hardening effect in large scale MIMO con gurations.
INTRODUCTION
The increasing demand for high data rates has motivated the recent interest in novel spectrally ef cient multicarrier waveforms. These new modulations improve the spectral ef ciency of cyclic pre x based OFDM while maintaining most of the advantages of multicarrier signalling. Among the wide range of proposed alternatives, FBMC signals based on offset QAM (i.e. FBMC/OQAM) [1, 2, 3] achieve the optimum spectral ef ciency and can be implemented with very selective pulse shaping lters, reducing the need for guard bands. On the downside, FBMC/OQAM has some speci c features that prevent direct application of conventional MIMO processing techniques, such as the fact that orthogonality is only achieved in the real domain and under frequency at per-subcarrier channel conditions [4, 5] . Several architectures have been proposed in the literature in order to alleviate the effect of high channel frequency selectivity, e.g. multi-tap [6, 7] , multi-lterbank [8, 9] or frequency domain processing [10, 11] . All these techniques achieve a very good performance, at the expense of a substantial increase in computational cost.
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In parallel with this, massive MIMO (mMIMO) techniques are nowadays being considered as a natural means for boosting the data rate without the need for new spectrum availability [12, 13] . By using a very large number of antennas at both the transceiver and the receiver, these systems are able to support a large number of spatially multiplexed transmissions that employ the same frequency band. Unfortunately, due to the high number of antenna elements involved in mMIMO transceiver, the combination with FBMC/OQAM under strong channel frequency selectivity conditions appears far from trivial. Note that conventional MIMO processing (based on multi-tap, multi-lterbank or frequency domain equalization) becomes computationally unaffordable as the number of antenna ports grows large. For this reason, conventional linear processing per-subcarrier appears to be the only viable alternative in large scale MIMO con gurations.
Some recent contributions [14, 15, 16] have pointed out that MIMO per-subcarrier processing of FBMC/OQAM signals can in fact bene t from the presence of a large number of antennas. Simulation results in [14] corroborate this point, which indicates that the channel hardening effect in mMIMO is inherently associated to a self-equalization effect of the received signal. The objective of this paper is to explore this phenomenon and characterize the effect of channel frequency selectivity in terms of the output MSE. Our analysis follows a two step asymptotic approach. First, we characterize the distortion at the output of the linear receivers assuming that the number of subcarriers is large. Then, the resulting MSE is analyzed by considering randomly generated nite impulse response channels and letting the number of transmit and receive antennas grow to in nity at the same rate. Results will therefore characterize a situation where all these quantities are large, but the number of subcarriers is much larger than the number of transmit/receive antennas. Note that this is indeed the situation in conventional wireless systems, where the number of subcarriers is typically around several thousands, whereas the number of antennas may only be as large as a few hundreds at most.
FBMC/OQAM SYSTEM AND LINEAR RECEIVERS
Assume an FBMC/OQAM modulation transceiver with 2 subcarriers that employs a prototype pulse denoted by [ ] at both the transmit (synthesis) and receive (analysis) lterbanks. Assume that this pulse has length 2 ( being the overlapping factor), even symmetric in the time domain and perfect reconstruction (PR) compliant. In addition to this, assume that the pulse is obtained as a discretization of a smooth C 2 waveform ( ) : [ 2 2] R, and that this waveform and its rst and second order derivatives null out at the end points of its support. We will refer to ( ) ×1 . These symbol streams are converted into FBMC/OQAM-modulated signals that are sent through each of the transmit antennas, which may by collocated or distributed (e.g. in a multi-user context). These signals go through a frequency selective MIMO channel and received by a single equipment with antenna ports. Let H( ) C × denote the MIMO channel frequency response matrix. The signal received at each of the antennas goes through an analysis lterbank, so that the output associated with the th subcarrier will be denoted by y [ ] C ×1 . At the output of the analysis lterbanks corresponding to the th subcarrier, the receiver applies a linear transformation B C × in order to retrieve the originally transmitted symbols. The actual symbols are then estimated by taking the real part of the output samples, namely [3] :
Ideally we would like to
2 . In practice, however, due to the presence of noise and the channel frequency selectivity, the output of the receive matrix contains a distorted version of the originally transmitted symbols, in the sense that
where e [ ] and w [ ] respectively contain the contribution from inter-symbol/inter-carrier interference (ISI/ICI) and background noise, which is modeled as a circularly symmetric random variable with zero mean and power 2 . Assuming that the symbols d [ ] have power , we can de ne the total MSE associated with the th subcarrier as
where ( ) is the ISI/ICI distortion power at the th subcarrier, de ned as
This distortion power is generally dif cult to characterize due to the complicated structure of the FBMC/OQAM signal. However, under certain regularity conditions, one can obtain a very accurate approximation by assuming an asymptotically large number of subcarriers (2 ) . Assume that the linear receiver applied at the th subcarrier is obtained as B = B( ) where = is the radial frequency associated with the th subcarrier, and where B( ) is a smooth function of on R 2 Z. Assume that H( ) is also a smooth function on R 2 Z and let H = H( ) and
is the th derivative of the channel frequency response. Assuming that the original symbols are independent and identically distributed (i.i.d.) bounded random variables with zero mean and power 2, we can write ( ) = ( ) + ( 2 ) as , where ( ) is de ned as [9] ( ) = 2 tr
nd where is a positive quantity that depends on the prototype pulse [ ] as follows. Let P R 2 × and D R 2 × denote two matrices obtained by respectively arranging the 2 samples of the prototype pulse [ ] and its derivative (1) [ ] in columns. Let R R
×2
1 and S R 2 ×2 1 denote the two matrices:
where~denotes row-wise convolution (providing a matrix with rows equal to the convolution of the rows of the two arguments), is the Kronecker product and J is the × exchange matrix (i.e. an all zero matrix with ones in the anti-diagonal). The pulse-speci c quantity is thereby de ned as
where U ± = I 2 (I ± J ). Consider the asymptotic expression of the MSE, namely
We can try to design the linear receiver B so as to minimize the MSE at the th subcarrier according to (2) . Unfortunately, this problem is generally dif cult to solve (see [17] for further details), so that it is more conventional to design the receiver in order to minimize the MSE under frequency at channel conditions per subcarrier, namely
The receiver that minimizes the above cost function can be expressed as
The construction of this receiver implies the knowledge of the noise power. An alternative receiver when this quantity is unknown is the zero forcing (ZF) lter, namely
is only implementable if . Sometimes it is convenient in massive MIMO architectures to avoid the channel inversion. In these situations, one may resort to the matched lter (MF), which in our case will be de ned as B = 1 H . The large performance of these three receivers can be evaluated in terms of MSE by directly replacing the expression of the lter into the de nition of (1), and using the asymptotic distortion power ( ) as de ned above. It will be shown below that in practice this approximation turns out to be extremely good, even for relatively low values of the number of subcarriers.
MASSIVE MIMO PERFORMANCE
In order to investigate the performance of the above linear receivers in a massive MIMO con guration, we consider a random model for the MIMO channel frequency response. More speci cally, we assume that the channel H( ) is modeled as an tap nite impulse response channel with a Kronecker correlation model, i.e.
where each G is a matrix with i.i.d. entries following a circularly symmetric complex Gaussian distribution with zero mean and unit variance, is the power associated to the th tap,
i and where C and C are the spatial correlation matrices at the transmitter and the receiver, respectively. We will normalize the channel energy so that 1 tr [C ] = 1 tr [C ] = kf k = 1 and let = , so that the total transmitted power is constant regardless of the number of transmit antennas. The objective of this paper is to characterize the asymptotic performance of the above receivers when both the number of transmit and receive antennas grows without bound. We will assume that the number of subcarriers is much larger than the number of transmit/receive antennas (namely max( ) 0), so that we can take ( ) as the actual distortion power at the output of the linear receiver.
LetQ ( ) C × denote a matrix-valued random function of R + de ned aŝ
where
It can be seen from (2) that we can essentially express the MSE at the th subcarrier in terms of functions ofQ ( ). In order to describe the asymptotic behavior of this matrix, it is useful to de ne the following pair of deterministic matrices for R + :
where the pair ( ) ˜ ( ) are the unique positive solutions to the system of two equations
It can readily be seen that the eigenvalues of e Q ( ) do not depend on , and therefore both˜ ( ) and ( ) are constant for all subcarriers. The deterministic matrix-valued function Q( ) is typically referred to as the asymptotic equivalent of the randomQ ( ). This is because (under certain conditions that will be speci ed later) one can show that
0 almost surely when , tend to in nity at the same rate, where A is any deterministic matrix of bounded spectral norm. This fact will be fundamental in the characterization of the asymptotic MSE of the three receivers under consideration. We will also need some additional functions of e Q ( ) and Q( ), namelỹ
together with
The following proposition shows that when both the number of transmit and receive antennas increases without bound, the random MSE( ) has the same asymptotic behavior as a quantity MSE that does not depend on the subcarrier index . The proof is based on standard random matrix theory techniques based on Gaussian tools and is omitted due to space constraints. 
and where we have de ned the delay spread (DS) and the average delay (AS) of the channel as
For the ZF receiver (assuming lim sup 1), we have
whereas for the MF receiver
where we have de ned, for Z, the quantities
According to the above result, the asymptotic performance of the three linear receivers considered here is roughly dictated by the frequency selectivity of the channel measured through the average delay AD and delay spread DS as de ned in (4). Hence, the same asymptotic performance is asymptotically observed in all subcarriers regardless of the channel realization, as further illustrated in the following subsection. It must be pointed out that the asymptotic expressions obtained in Proposition 1 have been obtained by rst letting and then . One should therefore be very cautious when analyzing the behavior of the above expressions, since in practice one should always have 2 in order for these quantities to make sense. Fortunately, this is typically the case in conventional systems even for relatively low values of 2 , as illustrated in what follows.
SIMULATIONS
In order to assess the accuracy of the derived asymptotic approximations, we considered a FBMC/OQAM system with 2 = 512 subcarrier where the prototype pulse was chosen as proposed in [18] (PHYDYAS pulse), with overlapping factor equal to = 3. The channel was generated according to an Extended Typical Urban (ETU) model [19] with an intercarrier separation of 15 kHz. The transmit and receive correlation matrices were xed as Toeplitz with th diagonal equal to | | where = 0 5 at the transmitter and = 0 8 at the receiver. Simulations considered an FBMC/OQAM transmission of 200 multicarrier symbols and a total of 100 different channel realizations. Figure 1 represents the MSE obtained at the output of the linear receiver at each subcarrier for a speci c MIMO channel realization. Apart from the simulated values (cross markers) we also represent the large asymptotic MSE as given by (2) (solid lines) and the large approximation established in Proposition 1 above (dashed lines). Note that the simulated values are virtually indistinguishable from the large MSE approximation. Furthermore, as the number of antennas increases (lower plot) the measured MSE becomes uniform across all the spectrum as predicted by Proposition 1 presented above. The vertical bars in these gures indicate the 90% condence interval of the measured MSE across the spectrum and channel realizations. In other words, 90% of the subcarriers and channel realizations resulted in a simulated MSE within these vertical intervals. Observe that the asymptotic formulas provide a very accurate description of the average MSE even for relatively low values of and . On the other hand, increasing the transmit and receive antennas we observe that the variance of the simulated MSE is substantially reduced, con rming the convergence as predicted by Proposition 1.
CONCLUSIONS
An asymptotic study of the performance of FBMC/OQAM in massive MIMO contexts has been provided. The performance is measured as MSE under the assumption of large number of subcarriers ( ) and then large number of transmit and receive antennas ( , ). Hence, results are representative of a situation where all these parameters are large but , , which is the case in conventional system con gurations. Closed form expressions have been provided for the performance in terms of asymptotic MSE of the three conventional linear receivers, namely the LMMSE, the MF and the ZF receivers. It has been shown that, under these asymptotic conditions, the performance becomes uniform across the spectrum, a phenomenon that has been previously referred to as "selfequalization" in the literature. 
